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Comment on “Experimental demonstration of a universally valid error-disturbance
uncertainty relation in spin measurements”
Y. Kurihara∗
The High Energy Accelerator Organization (KEK),Tsukuba, Ibaraki 305-0801, Japan
In this comment we show that the experimental results for a universally valid uncertainty relation
in ref.[1] cannot be justified. The experiments cannot be recognized to establish a violation of the
Heisenberg-type uncertainty relation suggested by Ozawa[2, 3].
Ozawa has proposed a universally valid uncertainty
relation (UVUR hereafter) in refs.[2, 3]. Moreover he
has pointed out that there are possibilities to violate a
standard Heisenberg uncertainty relation between a root-
mean-square error and a disturbance. Before discussing
the experimental results and their conclusions in detail,
let us review his proof of the UVUR. Usually the UVUR
refers such an Eq.(26) in [2] as
(26) ǫ(Q)η(P ) + ǫ(Q)σ(P ) + σ(Q)η(P ) ≥ ~
2
,
where ǫ(Q) is a root-mean-square error of an observable
Q, σ(Q) a standard deviation of Q, η(P ) a root-mean-
square disturbance for an observable P , and σ(P ) a stan-
dard deviation of P . (Hereafter equation numbers refer
ref.[2]) However he used Eqs.(29) to (31) for proving the
UVUR of Eq.(26). Those equations are necessary con-
ditions to establish the Eq.(26). Then the UVUR must
refer as a set of equations form Eq.(16) to Eq.(31) with
taking “AND” of all of them. Among them, especially
Eq.(29)
(29) ǫ(Q)η(P ) ≥ σ(N(Q))σ(P (0))
≥ 1
2
|〈[N(Q), D(P )]〉|
is important, since it is treating the Heisenberg-pair.
This condition is unavoidable restriction to discuss the vi-
olation of the Heisenberg-type uncertainty relation. Here
N(Q) is defined as
(12) N(Q) =M(∆t)−Q(0),
where Q(0) = Q⊗I is an operator of the observable Q on
the system at t = 0 (just before the measurement), and
M(∆t) = U †(I ⊗M)U , where U is an unitary operator
for time evolution from t = 0 to t = ∆t (just after the
measurement), and M an operator of the observable P
on the probe. Here A⊗ B refers a direct product of the
Hilbert space of the system A and the probe B. D(P ) is
defined as
(4) D(P ) = P (∆t)− P (0),
where P (0) = P ⊗ I and P (∆t) = U †P (0)U . The first
inequality of Eq.(29) comes from the universal fact that
the variance is not greater than the mean-square. The
equality can hold if and only if the mean value of N(Q)
and D(P ) are zero.
To advocate the violation of the Heisenberg-type uncer-
tainty relation, ǫ(Q) = 0 or η(P ) = 0, one has to prove
〈[N(Q), D(P )]〉 = 0. In order to realize there are three
possibilities to prepare the experimental condition which
satisfy this condition.
1. N(Q) and D(P ) are commutable:
It is impossible because Q(0) is non-commutative
with P (0) and M(∆t) is non-commutative with
P (∆t). Then operators N(Q) and D(P ) cannot
be commutable each other.
2. N(Q) and/or D(P ) are Null-operators which
eigenvalue is identically zero:
It is also impossible in general. For example, oper-
ators M(∆t) and Q(0) belongs to different Hilbert
space, then if N(Q) is Null-operator, both M(∆t)
and Q(0) may be Null-operators. However that
is contradict to a fact that Q(0) has a finite vari-
ance. However there is one possibility to escape
from this requirement that all of the eigenvalues
of M(∆t) and Q(0) are completely the same. In
ref.[1], authors insist their experimental condition
is prepared as this kind of situation. It will be dis-
cussed later.
3. eigenvalues of N(Q) and/or D(P ) are zero during
measurement (0 ≤ t ≤ ∆t):
These condition can be kept during the typical time
period which determined by the inverse of the typ-
ical energy scale of the process. That is, for ex-
ample, order of 10−17s for the atomic energy scale,
and order of the Planck time for the measurement
of gravitational phenomena. It is very difficult to
terminate the interaction after this time period, or
to keep interaction during this period, depend on a
strength of the coupling.
Now let us investigate the experimental condition of
ref.[1] in detail. A theoretical background of this ex-
periment is described in ref.[4]. The experimental set-
up follows the example described in section 5 in ref.[4].
(Hereafter, section and equation numbers refer ref.[4] un-
less otherwise stated.) In section 5, Ozawa shows that the
“projective measurement” can give a perfect matching be-
tween eigenvalues of M(∆t) and Q(0). Terminology in
2ref.[4], those are
(19) Na = U
†(I ⊗M)U −A⊗ I,
where M(∆t) corresponds to U †(I ⊗M)U and Q(0) to
A ⊗ I. In the experiment, that is realized as three non-
commutative measurements of a neutron spin for three
independent spacial directions. However, as known well,
the measurement of the spin-state to specific direction
cannot be described using any unitary operator of the
time evolution as Ozawa described as “projective”. That
means the operator
(49) Πm = 〈ξ|U †(I ⊗ EMm )U |ξ〉K
is NOT well defined. This unitary operator must be exist
in order to evolute back the operator from t = ∆t, after
the measurements ofM1 andM2, to t = 0 just before the
measurements. Otherwise one cannot use the equal-time
commutation relation at t = 0. Eq.(76)
(76)
∑
m
mMm = A
cannot be justified at t = 0 because Eq.(49) cannot be
held without the unitary operator U and its inverse U †.
Of course if whole system including systems and detec-
tors is considered, there are some kind of unitary operator
which represent time evolution due to an overall proba-
bility conservation, however that unitary operator cannot
evolute back the “projected system” to that before the
measurement. Then this kind of existence theorem can-
not justify the existence of eq.(76).If one try to evolute
back the probe operator M from after the σy measure-
ment to before the σx measurement, by brute force way,
one cannot say the neutron spin direction is | + z〉, but
can be any direction because of the lack of the unitary
operator. Then one have to consider that ǫ(A) = 1 where
the Heisenberg-type uncertainty relation is still held.
Even if the existence of the unitary operator is care
nothing for the discussion, there are another question
for the experiment. The purpose of this experiment is
to measure the Heisenberg-pair of ǫ(A)η(B). Here let
us consider the Kennard-Robertson type lower bound of
uncertainty for this observable. From the operator defi-
nition of ǫ(A) and η(B) given in ref.[1], a lower bound of
the Kennard-Robertson type uncertainty relation can be
given as
σǫση =
1
2
‖[(σφ − σx),
√
2[σφ, σy]]|ψ〉‖,
=
√
cosφ sinφ sin 2φ,
which is drawn in FIG.1. All terminologies are defined as
the same as in ref.[1]. This uncertainty cannot be avoided
if the experiment were truly the simultaneous or succes-
sive measurements of the uncommutative pair of observ-
ables. However this error band is obviously wider than
errors assigned in Figure 5 in ref.[1], which means the
FIG. 1. The Heisenberg-pair of observables of “error” and
“disturbance” defined in [1] as a function of a detuning angle
of φ. The simultaneous/successive measurements of two ob-
servables must have the Kennard-Robertson type lower bound
of the uncertainty depicted by shadowed region centered the
theoretical predictions of the observable.
measurements are NOT the simultaneous/successive. As
described inMethod section of the paper, measurements
of the “error” and “disturbance” have been done with
combination of four independent measurements with ini-
tial stats of | + z〉, | − z〉, | + x〉, and | + y〉. An actual
observable and uncertainty of ǫ(A)η(B) performed in the
experiment can be describes more exactly as
ǫ(A)η(B) = 2
√
2 sin
φ1
2
cosφ2|φ1,2→φ,
σǫση =
√
2 sinφ1 cosφ2.
In this case, the uncertainty for the observable from four
independent measurements must be estimated with av-
eraged out for unmeasured parameters as
σ¯ǫσ¯η =
{∫ 0
−pi
2
dφ1 +
∫ π
pi
2
dφ1 +
∫ pi
2
0
dφ2 +
∫ 3pi
2
π
dφ2
}
σǫση
= 0.
That is the reason why the experiment can measure the
Heisenberg-pair of observables ǫ(A)η(B) as precise as
shown in the paper without disturbed by the Kennard-
Robertson type uncertainty. At the same time, this anal-
ysis shows the measurements in ref.[1] cannot be recog-
nized as the simultaneous/successive measurements.
In conclusion, the experimental set-up of ref.[1] is not
satisfied the necessary condition to be true for the UVUR
proved by Ozawa in [2, 3]. It must be stressed that the
UVUR refers as a set of equations from Eq.(16) to Eq.(31)
in ref.[2] with taking “AND” of all of them.
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